Method of multiple internal reflections (method MIR) in description of α-decay of nucleus in the spherically symmetric approximation is presented in paper. In approach MIR the formalism of calculation of amplitudes of wave function, described moving of α-particle from the internal region outside with its tunneling through a realistic radial α-nucleus barrier of arbitrary shape, has been constructed at first time. The method MIR gives convergent values for the amplitudes of transmission and reflection, coefficients of penetrability and reflection, obtained in description of leaving of the α-particle relatively a potential with barrier in form of a number of rectangular steps (multi-steps potential), with tending this potential to the realistic α-nucleus one, and limit values of the amplitudes and coefficients are considered as exact concerning the realistic α-nucleus potential (without application of WKB approximation). In approach MIR a dependence of the penetrability coefficient and half-live on the location of the starting point, from where α-particle begins to move outside, is opened. From here, we define a radial coordinate of the most probable formation of the α-particle inside nucleus before its α-decay as such starting point, at moving of the α-particle from which outside the half-live, calculated by approach MIR, is maximally closed to its experimental value. For isotopes Po with different mass number A we have obtained essentially closer values for half-live, calculated by such approach, to their experimental values in a comparison with half-lives obtained by approach WKB. This result is stable for all studied nuclei.
Introduction
An approach for description of one-dimensional motion of a non-relativistic particle above a barrier on the basis of consideration of multiple internal reflections of stationary waves relatively boundaries of this barrier, described a motion of this particle inside the barrier region, was considered in a number of papers and is known [1, 2, 3] . In such approach it needs in expression of wave function (WF) in the barrier region to separate components, having fluxes directed to opposite sides. For a problem of the motion of the particle above a rectangular barrier these components are found naturally -as plane waves e ±ikx where k is wave vector. To obtain solutions for description of tunneling of this particle under such barrier it turns out more difficult, because in consideration of tunneling as stationary process the fluxes defined on the basis of decreasing and increasing parts of the stationary WF in dependence on x inside the barrier region (which are analytical continuations of the corresponding waves for case of above-barrier propagation) equal to zero and it is not corrected to consider such "waves" as propagated (or tunneled) under the barrier from physical point of view. If to define the waves under the barrier by another way (for example, at first to require existence of non-zero fluxes in the barrier region in each step and then to find solutions of the waves), then we cannot obtain continuity in transition of expressions for the waves for the above-barrier and sub-barrier cases, and total amplitudes will be different on the corresponding amplitudes, determined by standard approach of quantum mechanics as, for example, in [4] (see p. 102-106; for simplicity we shall further name such approach for determination of the amplitudes of the stationary wave function as standard (direct) method of quantum mechanics). However, the flux, defined on the basis of the total stationary WF, is non-zero, that points out that tunneling of the particle under the barrier exists. So, there was a difficulty in correct description of tunneling of the particle under the barrier on the basis of multiple internal reflections of the stationary waves.
However, this question was successfully resolved at first time in papers [5, 6] (see also [7] , part 1), in result of introduction of wave packets (WPs). In such approach, tunneling of the particle under the barrier is considered on the basis of multiple internal reflections of the wave packets relatively boundaries of the barrier (this approach was named as method of multiple internal reflections or method MIR). In such approach it succeeded in connecting:
• continuous transition of solutions for separate WPs concerning each reflection from multiple ones (i. e. in each step, according to formalism of method MIR), total WPs (and corresponding stationary WFs) in transition from the above-barrier motion to the under-barrier tunneling and back;
• coincidence of the transmitted and reflected total amplitudes of stationary part of WF (in each spacial region of the potential) in approach MIR with the corresponding amplitudes obtained by standard method of quantum mechanics;
• all fluxes, constructed on the basis of WPs in each step, are non-zero, that allows to consider propagation of multiple packets under the barrier (i. e. their "tunneling").
As a further development of a non-stationary formalism for description of tunneling processes in direction of papers [8, 9] , this method has own description (interpretation) of non-stationary tunneling of the particle, allowing to study this process at interesting time moment or space point. In calculation of phase times this method has shown as enough simple and convenient [10] . The formalism of MIR was developed also for description of scattering of the particle on nucleus and α-decay in the spherically symmetric approximation with the simplest radial barriers in [5, 6] (see also [7] , part 2), and for tunneling of photons (for example, see [6, 10] ). However, in papers [1, 2, 3, 6, 10] correctness of applicability of the multiple reflections was proved for description of the motion of the particle above the barrier on the basis of waves, and also for description of tunneling of the particle under the barrier on the basis of wave packets, if this barrier has a shape of one rectangular step. But, addition of the second step to such barrier complicates essentially consideration of the multiple reflections of packets (or waves) relatively all boundaries and search of exact solutions for the amplitudes. It becomes unclear how to separate the needed internal reflections from all their variety inside interesting spacial part of the barrier for determination of the amplitudes here (for example, if the barrier consists of arbitrary number of the rectangular steps with different heights). So, a necessity in development of clear algorithm of calculation of all amplitudes in problems with the barriers of complicated shape has been appeared.
In [5] exact solution of the amplitudes of the stationary wave function for the barrier, located in the whole axis and composed of two rectangular steps of arbitrary shapes, was found. However, there was a question in determination of wave packets under the barrier on the first step (this was resolved in [7] , part 1) and it was uncleared how to generalize such a formalism after complication of the barrier shape. Some late, in [11] approach of multiple internal reflections of the waves was considered for tunneling of the particle through a number of equal rectangular steps located in whole axis and separated on equal distances one from another. However, solutions of the amplitudes, the coefficients of penetrability and reflections were presented for two such steps only, in a approximation when they are separated on enough large distance. Besides, the found solutions in approach of multiple internal reflections are constructed on the basis of the amplitudes of total wave function, obtained early by standard direct method (see Appendix A, (7) , (18) , (19) in [11] ). Therefore, a question about convergence of sums of the amplitudes of the multiple waves by approach MIR with the corresponding amplitudes of total wave function by standard direct method inside each spacial region (and, especially, inside the barrier region) remains open. So, we come to a serious problem of realization of the approach of multiple reflections in real quantum systems with barriers (solution of which can call in question effectiveness of applicability of the approach MIR, at all).
After complication of the barrier shape the second question has been appeared: The given paper is directed on study of such questions and gives answer on them. In Sec. 2 the formalism of the method MIR in description of tunneling of the particle under one-dimensional rectangular barrier and its motion above it in whole axis (based on [5, 6] , [7] part 1) is presented. Here, we put proof of the method, analyze its peculiarities, write solutions for amplitudes (without phase times). Further, we present exact solutions of the amplitudes, the coefficients of penetrability and reflection by the method MIR in description of tunneling of the particle through arbitrary number of potential rectangular steps with arbitrary heights and widths in full consideration of the multiple internal reflections relatively all boundaries (at first time, a main idea was introduced in [7] , see p. 127-129). According to analysis, the total amplitudes of transmission and reflection inside each region and concerning the total barrier coincide with the corresponding amplitudes obtained by the standard method. Such formalism transforms the method of MIR, early used mainly in problems with onedimensional rectangular barriers, into a power tool of calculation of exact solutions of WF, the coefficients of penetrability and reflection relatively one-dimensional potentials of arbitrary shape, used in description of real quantum systems.
In Sec. 3 we present the formalism of MIR in study of tunneling processes in problems of scattering of a particle on nucleus and α-decay of the nucleus in the spherically symmetric approximation. At first, both processes are studied concerning a radial barrier of the simplest shape -as rectangular step. In the scattering problem the packets described evolution of this process (n-multiple WP formed in result of successive n transmissions and reflections relatively the boundaries of the barrier; total WPs inside each region; total WP transmitted through the barrier and total reflected WP from it), phase time of tunneling of the particle through the barrier and phase time of its reflection from the barrier are found. Expression for S-matrix is presented as a sum of two components, which are defined by the amplitudes of the stationary parts of the transmitted packet through the barrier and the reflected packet from it and correspond to resonant and potential scattering of the particle on the nucleus.
Using idea in [12] , a main attention in this paper we concentrate to development of the formalism of MIR in description of the α-decay. At first, the α-decay with a radial rectangular barrier is considered. Here, the packet transmitted through the barrier which describes propagation of the particle from the internal region outside after its tunneling through the barrier, and the packet reflected from the barrier which describes delay of the particle inside the internal region in result of its reflection from the barrier are found; non-stationary analysis is fulfilled where duration of α-decay of nucleus is defined and calculated (see [7] , part 2). Further, in Sec. 5 we at first time present the formalism of MIR in description of the α-decay with a realistic α-nucleus radial barrier, when this barrier is approximated by arbitrary number of rectangular potential steps. In such approach, we demonstrate convergence of found solutions for the amplitudes of transmission and reflection for leaving of the α-particle relatively such multi-steps potential with barrier, tending such potential to the initial realistic α-nucleus one. Limit values of the amplitudes and coefficients are considered as exact concerning the realistic α-nucleus potential (without application of approximation WKB), on the basis of which we define half-live. In approach MIR a dependence of the penetrability coefficient and half-live on location of starting point R start is observed, from where the α-particle begins to move outside. On this basis, we define a radial coordinate of the most probable formation of the α-particle inside nucleus before its α-decay as such starting point, at leaving of the α-particle from which the half-live is maximally closed to its experimental value. It turns out, that half-lives calculated by such approach for a number of nuclei with the same Z = 84 and different mass number A, are closer essentially to their experimental values in a comparison with half-lives found in [13] by approach of WKB, that demonstrates effectiveness of the method MIR in description of the α-decay with the realistic α-nucleus barriers and in calculation of half-lives.
2 Tunneling of the particle through barrier in one-dimensional problem
At first, we shall describe a general formalism of multiple internal reflections, using a simplest problem of tunneling of the particle through one-dimensional rectangular barrier in whole axis.
Tunneling of wave through one rectangular barrier in whole axis
Let's consider a problem of tunneling of a particle in a positive x-direction through an one-dimensional rectangular potential barrier (see Fig. 1 ). Let's label a region I for x < 0, a region II for 0 < x < a and a region III for x > a, accordingly. Let's study an evolution of its tunneling through the barrier. In a beginning we consider a standard approach to a solution of this problem [4, 14] . Let's consider a case when levels of energy lay under than a height of the barrier: E < V 1 . The tunneling evolution of the particle can be described using a non-stationary consideration of a propagating WP
where the stationary WF has a form:
and
, E and m are the total energy and mass of the particle, accordingly. The weight amplitude g(E −Ē) can be written in a form of gaussian [8] and satisfies to a requirement of the normalization |g(E −Ē)| 2 dE = 1, valueĒ is an average energy of the particle. One can calculate coefficients A T , A R , α and β analytically, using a requirements of a continuity of WF ϕ(x) and its derivative on each boundary of the barrier.
Substituting in Eq.
(
, defined by Eq. (2), we receive the incident, transmitted or reflected WP, accordingly.
We assume, that a time, for which the WP tunnels through the barrier, is enough small. So, the time necessary for a tunneling of an α-particle through a barrier of decay in α-decay of a nucleus, is about 10
seconds. We consider, that one can neglect a spreading of the WP for this time. And a breadth of the WP appears essentially more narrow on a comparison with a barrier breadth [8, 9] . Considering only subbarrier processes, we exclude a component of waves for above-barrier energies, having included the additional transformation
where θ-function satisfies to the requirement θ(η) = 0, for η < 0; 1, for η > 0.
The method of multiple internal reflections considers the propagation process of the WP describing a motion of the particle, sequentially on steps of its penetration in relation to each boundary of the barrier [1, 2, 3] . Using this method, we find expressions for the transmitted and reflected WP in relation to the barrier.
At the first step we consider the WP in the region I, which is incident upon the first (initial) boundary of the barrier. Let's assume, that this package transforms into the WP, transmitted through this boundary and tunneling further in the region II, and into the WP, reflected from the boundary and propagating back in the region I. Thus we consider, that the WP, tunneling in the region II, is not reached the second (final) boundary of the barrier because of a terminating velocity of its propagation, and consequently at this step we consider only two regions I and II. Because of physical reasons to construct an expression for this packet, we consider, that its amplitude should decrease in a positive x-direction. We use only one item β exp(−ξx) in Eq. (2), throwing the second increasing item α exp(ξx) (in an opposite case we break a requirement of a finiteness of the WF for an indefinitely wide barrier). In result, in the region II we obtain:
Thus the WF in the barrier region constructed by such way, is an analytic continuation of a relevant expression for the WF, corresponding to a similar problem with above-barrier energies, where as a stationary expression we select the wave exp(ik 2 x), propagated to the right. Let's consider the first step further. One can write expressions for the incident and the reflected WP in relation to the first boundary as follows
A sum of these expressions represents the complete WF in the region I, which is dependent on a time. Let's require, that this WF and its derivative continuously transform into the WF (4) and its derivative at point x = 0 (we assume, that the weight amplitude g(E −Ē) differs weakly at transmitting and reflecting of the WP in relation to the barrier boundaries). In result, we obtain two equations, in which one can pass from the time-dependent WP to the corresponding stationary WF and obtain the unknown coefficients β 0 and A 0 R . At the second step we consider the WP, tunneling in the region II and incident upon the second boundary of the barrier at point x = a. It transforms into the WP, transmitted through this boundary and propagated in the region III, and into the WP, reflected from the boundary and tunneled back in the region II. For a determination of these packets one can use Eq. (1) with account (3), where as the stationary WF we use:
Here, for forming an expression for the WP reflected from the boundary, we select an increasing part of the stationary solution α 0 exp(ξx) only. Imposing a condition of continuity on the time-dependent WF and its derivative at point x = a, we obtain 2 new equations, from which we find the unknowns coefficients A 0 T and α 0 . At the third step the WP, tunneling in the region II, is incident upon the first boundary of the barrier. Then it transforms into the WP, transmitted through this boundary and propagated further in the region I, and into the WP, reflected from boundary and tunneled back in the region II. For a determination of these packets one can use Eq. (1) with account Eq. (3), where as the stationary WF we use:
Using a conditions of continuity for the time-dependent WF and its derivative at point x = 0, we obtain the unknowns coefficients A 1 R and β 1 . Analyzing further possible processes of the transmission (and the reflection) of the WP through the boundaries of the barrier, we come to a deduction, that any of following steps can be reduced to one of 2 considered above. For the unknown coefficients α n , β n ,A n T and A n R , used in expressions for the WP, forming in result of some internal reflections from the boundaries, one can obtain the recurrence relations:
Considering the propagation of the WP by such way, we obtain expressions for the WF on each region which can be written through series of multiple WP. Using Eq. (1) with account Eq. (3), we determine resultant expressions for the incident, transmitted and reflected WP in relation to the barrier, where one can need to use following expressions for the stationary WF:
Now we consider the WP formed in result of sequential n reflections from the boundaries of the barrier and incident upon one of these boundaries at point x = 0 (i = 1) or at point x = a (i = 2). In result, this WP transforms into the WP ψ i tr (x, t), transmitted through boundary with number i, and into the WP ψ i ref (x, t), reflected from this boundary. For an independent on x parts of the stationary WF one can write:
where the sign "+" (or "-") corresponds to the WP, tunneling (or propagating) in a positive (or negative) x-direction and incident upon the boundary with number i. Using T ± i and R ± i , one can precisely describe an arbitrary WP which has formed in result of n-multiple reflections, if to know a "path" of its propagation along the barrier. Using the recurrence relations Eq. (8), the coefficients T ± i and R ± i can be obtained.
Using the recurrence relations, one can find series of coefficients α n , β n , A n T and A n R . However, these series can be calculated easier, using coefficients T ± i and R ± i . Analyzing all possible "paths" of the WP propagations along the barrier, we receive:
where
All series α n , β n , A n T and A n R , obtained using the method of multiple internal reflections, coincide with the corresponding coefficients α, β, A T and A R of the Eq. (2), calculated by a stationary methods [8, 4, 15] . Using the following substitution
is a wave number for a case of above-barrier energies, expression for the coefficients α n , β n , A n T and A n R for each step, expressions for the WF for each step, the total Eqs. (12) and (13) transform into the corresponding expressions for a problem of the particle propagation above this barrier. At the transformation of the WP and the time-dependent WF one can need to change a sign of argument at θ-function. Besides the following property is fulfilled:
2.2 Tunneling of the particle through arbitrary number of rectangular steps with arbitrary heights and widths Now let's consider propagation of the particle (from the left) through potential composed of arbitrary number of rectangular steps with arbitrary heights and widths. At first, we analyze a case of motion of the particle above the barrier. We have the following stationary wave function:
where α j and β j are unknown coefficients, A T and A R are unknown amplitudes of transmission and reflection. The method of multiple internal reflections allows to describe propagation of the particle in such field with barriers and to find the transmitted and reflected waves. According to the method, propagation of the particle through the barrier is considered by use of wave packet successively by steps of its propagation relatively each boundary of the barrier. We conclude that any further step in such consideration will be similar to one from the first independent 2N − 1 steps. From the analysis of these steps we combine recurrent relations for calculation of amplitudes A (n) , S (n) , α (n) and β (n) for arbitrary step with number n and determine total amplitudes in each region. Further, we shall present results of calculation of amplitudes by approach MIR.
At first, we determine coefficients
We find the following recurrent relations:
and select the following coefficients as starting:
Using them, we calculate successively the coefficientsR
. Now we determine coefficients β j :
and amplitudes of transmission and reflection:
After comparison of the amplitudes of wave function obtained by such way with results obtained by standard direct method of quantum mechanics for the potential, composed of two rectangular steps of arbitrary height we obtain exact coincidence. Increasing of number of steps confirms coincidence of such results. In particular, we check a property:
All this sure us in that the presented above method MIR gives exact solutions of all amplitudes of wave function in all region of its definition. Now we consider a case when energy of the particle is less then the height of one step with number m. Then for description of propagation of packet inside such step we must use such transformation:
In this case, we obtain also full coincidence between all amplitudes calculated by method MIR and by standard direct method. So, we generalize the method MIR for description of tunneling of the particle through multi-steps potential with arbitrary number of steps higher then the particle energy.
3 Tunneling of the particle through a spherically symmetric barriers
The one-dimensional formalism of the method of multiple internal reflections in Sec. 2 can be generalized for description of a motion of a particle (with its possible tunneling) in spherically symmetric field with barrier, allowing to study evolution of nuclear collisions and α-decay of nuclei in spherically symmetric consideration.
Scattering of the particle in central field with radial rectangular barrier
A problem of scattering of the particle on nucleus in spherically symmetric approximation is reduced to the problem of scattering of the particle with reduced mass inside the spherically symmetric field with barrier [?]. We shall present spherically symmetric formalism of multiple internal reflections for the problem with barrier of the simplest form (see Fig. 2 ):
We note the region I for 0 < r < R 1 , region II for R 1 < r < R 2 , and region III for r > R 2 . We assume that the Figure 2 : Scattering of the particle on the radial rectangular barrier with its tunneling particle being under the action of central force V (r) is incident on the external boundary R 2 outside. We shall consider a case when orbital moment is l = 0 and total energy E is less then the barrier height V 1 : E < V 1 .
Transmitted, reflected packets and S-matrix
At first, we describe standard approach for description of evolution of this process. Solving stationary Schrödinger equation in each region, we find wave function:
we use boundary condition of the radial WF at r = 0 to be finite, and its part describing incident of the particle on the barrier in region III is normalized on 1). The unknown coefficients S, A, α and β are determined from condition of continuity of WF and its derivative at each boundary R 1 or R 2 .
The standard approach to description of evolution of scattering of the particle on barrier consists in use of non-stationary wave packets, constructed on the basis of stationary components χ(k, r). Taking into account only sub-barrier energies, we obtain:
where the second item in (28) represent centrifugal energy, which equals to zero at l = 0, and weight amplitude g(E −Ē) and average energyĒ are defined like one-dimensional case.
The problem of a motion of a particle in spherically symmetric field is reduced to the radial problem. The radial Schrodinger equation and normalization condition for the radial WF ψ(r) = χ(r)/r is reduced to onedimensional Schrödinger equation with centrifugal potential and the normalization condition for χ(r) [4] . We describe the particle incident on the external boundary in region III by plane wave exp(−ikr)? and scattering particle by the barrier in region III -by outgoing plane wave S exp(ikr), which include both wave, described reflection of particle from the barrier, and wave, described transmission of the particle through the barrier when it tunnels into region I and then propagates back to region III. The reflected and transmitted waves are formed only one component S exp(ikr) and it is unclear how to separate them.
Being non-stationary, the method of multiple internal reflections allows to study the process of scattering of this particle inside the spherically symmetric field with the barrier in more details. According to the method, the scattering of the particle on the barrier is considered by use of non-stationary WP consequently by steps of its propagation relatively each boundary of the barrier (like one-dimensional problem). In result of analysis we conclude that any step of further propagations of multiple WPs will be like one from only the first 4 independent steps. Analyzing these steps, we combine recurrent relations for calculation of the coefficients
and β (n) for arbitrary step with number n. The total non-stationary WF in each region, taking into account multiple reflections of WPs relatively boundaries, can be presented in form of series of these WPs. Analyzing all possible "paths" of propagation of packets and using formalism of T ± i and R ± i , we find sums:
Here, the coefficients T
(n) , A (n) , α (n) and β (n) . Now we define incident, transmitted and reflected WPs relatively the barrier (in region III):
So, method MIR separates S-matrix into two components, corresponding to the amplitudes of the transmitted and reflected WPs relatively the barrier. This property fulfills for any energy level and allows to find coefficients of penetrability and reflection of the particle relatively the barrier (and also probabilities of processes of scattering through compound nucleus formation and potential scattering). The coefficients S (n) , A (n) , α (n) and β (n) for each step, WFs for each step, the coefficients T ± i and R ± i , total sums of the coefficients S (n) , A (n) , α (n) and β (n) at (14) transform into corresponding expressions for motion of the particle above the barrier. The total sums (29) of the coefficients S (n) , A (n) , α (n) and β (n) coincide with corresponding coefficients S, A, α and β, calculated in the direct method of QM. We have:
Phase times of tunneling and reflection relatively the barrier
According to method of stationary phase, we have
Now we consider the first step. Let maximum of WP in region III be incident to the external boundary of the barrier at point R 2 at time moment t inc . Using (35), we define time moment t 
For time moment t (n) tr of leaving from the barrier region outside of the maximum of n-multiple WP we write:
Using (35) at point r = R 2 and taking into account (36) , (37), we find time of transmission of WP through the barrier and time of reflection of WP from the barrier:
For WP tunneling under the barrier we obtain:
For propagated WP above the barrier we obtain:
where F above can be obtained from F sub at (14) . Also we have:
One can see that tunneling and reflection times are different only by one item [?]. Now we consider scattering of the particle on enough high and wide barrier. In such case for sub-barrier tunneling we obtain:
Here, the following consequence of approximations are used:
α-decay
Now let's generalize the method MIR for description of α-decay in spherically symmetric approximation. We shall assume that starting from some time moment (one can name it as time moment t formation of formation of the α-particle and daughter nucleus) the decaying nucleus can be considered as composite system of the α-particle and daughter nucleus. We come from a problem of motion of the α-particle in the field of the daughter nucleus to another problem of propagation of the particle with reduced mass m in spherical symmetric field with a radial barrier. For simplicity, we shall consider a case when total energy of system E is higher then the barrier height V 1 : E > V 1 . For forming a main idea of application of the multiple internal reflections for description of α-decay, we shall assume that the radial potential V (r) can be separated into 3 regions: internal region I, region of the barrier II, and external region III, and in each region we know exact general solution of the stationary wave 
where c − i (r) and c + i (r) are ingoing and outgoing waves, A i and B i are constant coefficients. According to ideology of multiple internal reflections, we describe the α-decay by use of wave packet describing the particle with reduced mass, successively by steps of its propagation from the internal region I outside through the barrier region II relatively each boundary (see Fig. 3 ).
In the first step, we consider beginning of the α-decay as propagation of the packet in the region I outside at t > t formation , which at some time moment t inc is incident on the internal boundary of the barrier at R 1 . We name this time moment as time moment of beginning of the α-decay. The incident WP forms new WP in the region II at time moment t tr propagating from the boundary R 1 outside, and new WP in the region I at time moment t ref propagating from this boundary inside back. We define the incident, transmitted and reflected packets concerning the boundary R 1 so:
where g(E −Ē) is gaussian for above-barrier energies and we have:
Also we shall neglect by variation of weight amplitude
Using continuity condition for total wave function composed on these WPs and its derivative at R 1 , we find the unknown coefficients A 
Then, like one-dimensional problem (see Sec. 2.1) and the scattering problem of the particle on nucleus (see Sec. 3.1), we consider further propagation of WP through the barrier outside in next steps. Here, any nex step with propagation and reflection of WPs concerning the barrier boundaries can be reduced to one from 4 independent steps. For determination of the unknown A 
One can find total transmitted and reflected WPs relatively the barrier:
All sums of the coefficients A . We obtain:
All expressions for sums A are obtained by use of (49), (50), (52), (53) and (14) for the barrier region II. These coefficients for arbitrary step are calculated on the basis of (49) and the coefficients T is found from the normalization condition for the radial WF.
A non-stationary analysis of the α-decay can be fulfilled, like one-dimensional problem (see [6, 10] ) or the scattering problem (see Sec. 3.1). We shall estimate duration of the α-decay on the basis of the barrier penetrability. In consideration of motion of the α-particle from the internal region outside with its tunneling it needs to take into account multiple internal reflections inside the internal region I, formed in result of reflections of packets from the barrier inside. But, the barrier penetrability can be related to duration of decay and to multiple reflections inside the internal region by different ways. Therefore, we give two independent approaches for definition of the penetrability coefficient T of the barrier, describing propagation of the particle from the internal region I into external region III.
Approach A:
In the first case, we define the coefficients of penetrability and reflection with taking into account of multiple internal reflections of packets inside the internal region. Here, as the incident, transmitted and reflected stationary parts of we use χ inc (r) from (47) 
At such definition, the coefficients T and R are not separated evidently into factor, characterized the penetrability of the barrier directly without taking into account multiple reflections of packets inside the internal region I, and factor characterized such multiple internal reflections. Here, we introduce duration of α-decay τ decay , defining it as difference between time moment t tr of leaving of the total transmitted WP from the barrier (time moment of finishing of α-decay) and time moment t inc of incident of WP inside region I on the internal boundary R 1 in the first step (time moment of beginning of α-decay). Also, we define time moment of reflection of the particle from the barrier τ ref as difference between time moment t ref of reflection of the total reflected WP from the barrier into the internal region I and t inc . Using (35), we obtain:
Approach B:
In the second case, we define the penetrability coefficient of the barrier without taking into account of multiple internal reflections of packets inside the internal region, i. e. as in one-dimensional case. However, such internal reflections we include inside the internal region, like in the semiclassical way of definition of half-lives -through introduction of independent normalized factor F defined a number of "collisions" of the α-particle with the barrier inside the internal region I. As non-stationary characteristic of the α-decay, we define half-life τ on the basis of width Γ of the α-decay.
Decay with radial α-nucleus potential in a form of one rectangular barrier and rectangular well in the internal region
As an example of application of the method MIR to calculation of the barrier penetrability and estimation of time characteristics in approach A, we shall consider the α-decay with the barrier of the simplest form:
Let's orbital moment is l = 0 and total energy E less then the barrier height. Stationary WF is:
. Taking into account (45), we write: c
The coefficients T ± i and R ± i are calculated on the basis of (50) and using form of c ± i :
The coefficients of penetrability T and reflection R of the particle relatively the barrier can be obtained from (54). Time of tunneling ( ) and time of reflection can be found from (55). We obtain:
(62)
Decay with the radial α-nucleus potential composed of arbitrary number of rectangular steps
Now we shall consider the α-decay with a realistic α-nucleus radial barrier, when this barrier is enough well approximated by number of rectangular potential steps. The first region I we define starting from point R min , and we assume that the α-particle is formed here and moves outside. Supposing that α-particle can be formed enough far from zero, we use non-zero value for R min .
As before, we shall analyze the motion of this particle on the basis of multiple internal reflections of WP successively by steps of its propagation relatively all boundaries between steps in the multi-step radial barrier. In consideration of multiple internal reflections of multiple packets inside radial internal region starting from zero and in dynamical estimation of the α-decay, we use the second approach B and shall find half-live of the α-decay. Then comparing obtained results with half-lives obtained by the semiclassical approach, we shall estimate how the method MIR can be effective. At first, we write total wave function: 
where α j and β j are unknown amplitudes, A T and A R are unknown amplitudes of transmission and reflection.
Like one-dimensional problem, we define coefficients
Using recurrent relations:
and selecting as starting the following values:
we calculate successively coefficientsR
At finishing, we determine coefficients β j :
the amplitudes of transmission and reflection:
and corresponding coefficients of penetrability T and reflection R:
As test of the found solutions, we use the property:
Width Γ and half-live
We define width Γ of the α-decay, in semiclassical approximation, by following the procedure of Gurvitz and Kälbermann [21] :
where P α is the α-particle preformation probability and F is the normalization factor. T is the penetrability coefficient in propagation of the particle from the internal region outside with its tunneling through the barrier, which we shall calculate by approach MIR ar by approach WKB. In approach MIR this coefficient we define so:
where R 2 and R 3 are the second and third turning points. According to [13] , the normalization factor F is given by simplified way so:
or by improved way so:
The α-decay half-live is related to the width Γ by well known expression:
4 α-nucleus potential
For description of interaction between α-particle and the daughter nucleus we shall use the α-nucleus potential in the general form:
where v C (r, θ), v N (r, θ, Q) and v l (r) are Coulomb, nuclear and centrifugal components. There are different approaches in definition of parameters for these components. In this paper we shall use two variants.
α-nucleus potential of V. Yu. Denisov and H. Ikezoe
In the first case, we shall use the approach proposed by V. Yu. Denisov and H. Ikezoe in [16] (for simplicity, we shall name the potential (76) with parameters defined according to [16] as potential in the form DI ). According to (6)- (10) in [16] , Coulomb v C (r, θ), nuclear v N (r, θ, Q) and centrifugal v l (r) components have the following form:
We define the parameters of the Coulomb and nuclear components as (see relations (14) , (16)- (19) in [16] ):
According to relations (21)- (22) in [16] , we also use:
Here, A and Z are the nucleon and proton numbers of the daughter nucleus, respectively; Q is the Q-value, for the α-decay, R is the radius of the daughter nucleus, V (A, Z, Q, θ) is the strength of the nuclear component; r m is the effective radius of the nuclear component, d is the parameter of the diffuseness; Y 20 (θ) is the spherical harmonic function of the second order, θ is the angle between the direction of the leaving α-particle and the axis of the axial symmetry of the daughter nucleus; β 2 is the parameter of the quadruple deformation of the daughter nucleus.
In this paper we restrict ourselves by spherical symmetric approximation of α-decay. Then the Coulomb and nucleus components are transformed into the following:
where r m = 1.5268 + R.
4.2 α-nucleus potential of B. Buck, A. C. Merchant and S. P. Perez
In the second case, we shall use approach proposed by B. Buck, A. C. Merchant and S. P. Perez in [13] (we shall name the potential (76) with the parameters defined according to [13] as potential in the form BMP ). According to (1)- (3) in [13] , the nuclear component is:
Coulomb component is:
and centrifugal component is:
Values V 0 , R BMP and d for the different nuclei are presented in tables in [13] .
Analysis of the method MIR in α-decay
We shall study, how the presented above method of multiple internal reflections really works (how much it is effective, accurate, gives stable result) in the problem of determination of half-lives in α-decay of heavy nuclei, which can be considered in enough good approximation as spherically symmetric. Today, there is a lot of well developed methods of calculations of half-lives of α-decay, they are experimentally studied well. So, for method MIR analysis we have rich theoretical and experimental material in this problem. We shall use two α-active nuclei: 210 Po and 214 Po. Such a choice we explain by they have small coefficient of quadruple deformation β 2 and in enough good approximation can be considered as spherical. They have very similar shapes of barriers and parameters of α-decay, but their half-lives (and Q-values) are different essentially (according to [13] : τ exp ( 210 Po) = 1, 2 · 10 7 sec and τ exp ( 214 Po) = 1, 6 · 10 −4 sec). We shall be interesting in how accurately the method MIR allows to calculate these values and to describe such difference (in a comparison with the semiclassical approach). Besides, we presently have numerical methods of calculations of wave functions with high accuracy tested for these nuclei (that is shown essentially in calculations of spectra of photon bremsstrahlung accompanying α-decay, see [17, 18, 19, 20] ) and computer programs.
At first, we shall consider α-decay of 214 Po. We shall use α-nucleus potential in the spherically symmetric BMP form. We shall study α-decay on the basis of leaving of the particle with reduced mass from the internal region outside with its tunneling through the barrier inside the region of r with internal boundary R min (we assume it to be very close to zero) and the external boundary R max (we assume it to be very large). To apply the method MIR for description of this process, we change the radial α-nucleus potential inside the studied region into approximated one, which consists from finite number N of rectangular potential steps. We define the region of formation of the particle inside the first interval with R min ≤ r ≤ R 1 (here we assume: Q > V (r)), from here, this particle starts to move outside. According to method MIR, we consider leaving of the particle on the basis of WP consequently by steps of its propagation relatively each boundary. Using technique of the Number N Transmission amplitude Reflection amplitude
Penetrability
Half-live of intervals Table 1 : Dependence of the amplitudes of transmission and reflection, penetrability coefficient and half-live on number N of intervals in the region from R min up to R max for α-decay of 214 Po (we use: R min = 0, 11 fm, R max = 100 fm; ∆ T = |T n+1 − T n | is parameter of convergence in calculations of the penetrability coefficient T where T n and T n+1 are the penetrability coefficients for each previous and further numbers N ; accuracy of the obtained coefficients is |1 − T N − R N | ≤ 1, 5 · 10 −15 for each value N , that gives the first 14-15 digits as reliable for amplitudes and coefficients) coefficients T ± j and R ± j in (64)-(66), we calculate amplitudes β j in each interval by (67), total amplitudes of transmission A T and reflection A R by (68). The penetrability coefficient T MIR , describing leaving of the particle from the internal region outside with its tunneling in the region from R min up to R max , we calculate by (69). In this paper we restrict ourselves by definition (73) for the normalization coefficient F 2 in WKB-approach, we find width Γ by (71) and half-live τ MIR by (75).
Further, we define the penetrability coefficient T W KB in the WKB-approach by (72), on the basis of which we recalculate Γ-width and half-live τ W KB by (71) and (75). Comparing the found half-lives (also amplitudes of transmission and reflection, penetrability coefficients) by two approaches, we analyze the effectiveness of the method MIR for the studied nucleus.
Analysis of convergence of the method MIR in dependence on the number of intervals inside the studied region
Let's analyze whether the method MIR gives unique values for the penetrability coefficient, amplitudes of transmission (in the last interval with number N ) and reflection (in the first interval with number 1) after taking into account all needed multiple internal reflections relatively all boundaries, in dependence on the number N of intervals inside the region from R min to R max . According to [13] , for α-decay of 214 Po we use Q α = 7, 865 MeV, R BMP = 7, 417 fm. The calculated penetrability coefficient T with increasing of the number N is presented in table 1. Here, one can see that the penetrability coefficient T tends to 1, 142 · 10 −18 which can be considered as limit value. Parameter ∆ T = |T n+1 − T n | demonstrates a convergence of such calculations enough well, which is decreased with increasing of N . We include into the table also the amplitudes of transmission and reflection, which have the first some digits stable. We establish (at first time):
• The method MIR has a convergent algorithm of determination of the amplitudes of wave function, the coefficients of penetrability and reflection which are unique and can be considered as reliable (inside interesting accuracy) concerning to the realistic α-nucleus potential in the form BMP.
• The method MIR determines the half-live for 214 Po in the interval τ MIR = 1, 55 · 10 −4 − 1, 79 · 10 −4 sec which is essentially closer to experimental value τ exp = 1, 6 · 10 −4 sec in a comparison with half-life in the approach WKB, which equals τ WKB = 1, 1 · 10 −4 sec.
How is the barrier penetrability changed at increasing of the external boundary R max ?
Let's analyze whether the convergence in determination of the penetrability coefficient by approach MIR at increasing of the external boundary R max exists. In approach WKB the region of the barrier located between two Boundary Transmission amplitude Reflection amplitude Table 2 : Dependence of the amplitudes of transmission and reflection, penetrability coefficient and half-live on the external boundary R max for α-decay of 214 Po (we use: R min = 0, 11 fm, width of each interval is 0,01 fm (100 intervals inside 1 fm); ∆ T = |T n+1 − T n | is parameter of convergence in calculations of the penetrability coefficient T where T n and T n+1 are the penetrability coefficients for each previous and further values of R max ; accuracy of the obtained coefficients is |1 − T n − R n | ≤ 1, 5 · 10 −15 for each value of R max ) turning points R 2 and R 3 makes up a main part in determination of the penetrability (we obtain: R 2 = 8, 18 fm and R 3 = 10, 09 fm). Assuming that approach WKB gives enough well results, we shall suppose that in approach MIR the main region forming the penetrability is the barrier region, while the internal and external parts of the potential do not influence on it practically. Keeping width of each interval to be constant, we shall increase gradually the external boundary R max (by increasing number N of intervals) starting from value near to the external turning point R 3 (R max > R 3 ) and we shall calculate the amplitudes and the penetrability coefficient.
These calculated values with different R max are presented in table 2. One can see that method MIR gives the convergent value for the penetrability coefficient at increasing of R max . But such convergence is not so stable as in increasing of the number of intervals at fixed R max . However, starting from R max = 60 fm, we obtain the first 3 digits stable. Convergence of the amplitude of reflection is higher essentially. We conclude:
• The amplitude of transmission and the the penetrability coefficient are convergent with increasing of R max but not so strong, that can be explained by that not only the barrier region but also the external part of the potential up to 60 fm takes place in determination of these characteristics (in contrast with approach WKB).
• Half-live obtained by method MIR inside only the barrier region is τ MIR = 1, 17 · 10 −4 sec, which is close to value τ WKB = 1, 1 · 10 −4 sec obtained by approach WKB in [13] . This confirms the conclusion about essential influence of the external part of the potential to the penetrability coefficient determination.
Dependence of the penetrability on the starting point
Now we shall analyze how a location of the internal boundary R min has influence on the penetrability. In the Fig. 4 one can see that half-live of α-decay of 214 Po is changed in result of displacement of R min . Taking into account that width of each interval is 0,01 fm, we shall consider point R min as a starting point (with error up to 0,01 fm), from here the α-particle begins to move outside (to the right) and is incident to internal side of the barrier starting the first stage of the α-decay. Analyzing figures, we establish a (non-constant) dependence of the penetrability coefficient and half-live on the location of the starting point R start , where the particle starts to move outside by approach MIR (it has obtained at the first time).
This dependence opens a new way of determination of the most probable radial coordinate of formation of the α-particle before its motion outside in the first stage of the α-decay on the basis of a comparable analysis of the calculated half-live with its experimental value: it needs to find such starting point, when the calculated half-live by approach MIR is maximally close to its experimental value. One can assume, that from such space point the α-particle begins to move outside in the first stage of the α-decay, and there the α-particle was formed. We give such definition:
The radial coordinate R form of the most probable formation of the α-particle before α-decay is such starting point, at which the calculated half-live τ MIR is closed maximally to its experimental value τ exp .
For α-decay of 214 Po we obtain R form = 8, 02 fm (at R 2 = 8, 18 fm). At such starting point the calculated value of half-live by approach MIR is τ MIR = 1, 5786 · 10 −4 sec, that is essentially closer to the experimental value Calculated half-life of decay of 214 Po;
Experimental half-life of decay of 214 Po Half-life of -decay of 214 Po, sec Figure 4 : Dependence of half-live for 214 Po on location of the starting point Rstart: (a) -dependence of half-live on the starting point from 0 up to 9 fm; (b) -increased region where half-live is changed slowly; (c) -determination of coordinate of formation of α-particle before α-decay, as such starting point Rstart, where the calculated half-live is close maximally to its experimental value: we obtain Rstart = 8, 02 fm at τMIR = 1, 5786 · 10 −4 sec τ exp = 1, 6 · 10 −4 sec for this nucleus, in a comparison with half-live τ WKB = 1, 1 · 10 −4 sec obtained in [13] by approach WKB.
So, on the basis of analysis of α-decay of 214 Po we have seen that the coordinate of formation of the α-particle is located inside internal region and is very close to the second turning point R 2 . But whether is this result accidental, obtained in result of accidental coincidence of parameters of the potential and energy Q? Let's analyze another nucleus -210 Po. While these two nuclei have practically similar shapes of their potentials, their (experimental) half-lives are different essentially. We shall clarify whether our algorithm, used in the method of multiple internal reflections, allows to determine the coordinate of formation of the α-particle for 210 Po and where it will be. In Fig. 5 one can see that method MIR determines this coordinate simply also and it locates like nucleus 214 Po -close to the second turning point R 2 . We obtain value R form = 7, 53 fm (at R 2 = 7, 642 fm). At such starting point the calculated value of half-live by approach MIR is τ MIR = 1, 1631 · 10 +7 sec, that that is essentially closer to the experimental value τ exp = 1, 2 · 10 +7 sec for this nucleus, in a comparison with half-live τ WKB = 3, 6 · 10 +6 sec obtained in [13] by approach WKB. So, the found conclusion about formation of the α-particle (and also improvement of agreement between the calculated and experimental half-lives after consideration of leaving of the α-particle from the coordinate of its formation by approach MIR) is stable both for short-lived and for long-lived nuclei.
5.4
Results of calculation of the coordinate of formation of the α-particle for nuclei with charge number Z = 84
The calculated coordinates R form of formation of the α-particle for the α-active nuclei with charge number 84 are presented in Table 3 : Radial coordinates of the most probable formation of the α-particle before α-decay of nuclei Po (with charge number Z = 84) at different mass numbers A (for each nucleus we use: R min = 0, 11 fm, R max = 100 fm; in region from R min to 5 fm number of intervals is 2000, in region from 5 fm to 7 fm number of intervals is 7000, in region from 7 fm to R max number of intervals is 1000; ∆ R = R 2 − R form ; values Q, R BMP , τ exp are used from [13] ; τ WKB is half-live determined by approach WKB in [13] ) nucleus is essentially closer to the experimental τ exp in a comparison with half-live τ W KB obtained in [13] by approach WKB. So, method MIR is stable in determination of the coordinate of formation of the α-particle and half-live. For ∆ R we obtain: 0, 01 fm ≤ ∆ R ≤ 0, 07 fm.
Also we have analyzed possible values of the coordinate of formation of the α-particle for these nuclei concerning the potential in the form DI. It turns out that at different locations of the starting point the calculated half-lives by approach WKB are some farther to their experimental values.
Conclusions and perspectives
In this paper the method of multiple internal reflections in description of the α-decay of nucleus in the spherically symmetric approximation is presented. In the approach MIR the formalism of calculation of the amplitudes of wave function, described moving of the α-particle from the internal region outside with its tunneling through a realistic radial barrier of arbitrary shape, has been constructed at first time. We establish (at first time):
• The method MIR gives convergent values for the amplitudes of transmission and reflection, the coefficients of penetrability and reflection, obtained in description of leaving of the α-particle relatively a potential with barrier in form of a number of rectangular steps (multi-steps potential), with tending of this potential to the realistic α-nucleus potential. Therefore, limit values of the amplitudes and coefficients can be considered as the exact values concerning the realistic α-nucleus potential (without application of WKB approximation).
• Error in determination of the coefficients and amplitudes by the method MIR concerning the realistic α-nucleus potential is determined by accuracy of description of this potential by the multi-steps potential and accuracy of computer calculations (in all calculations, we have |T + R − 1| < 1, 5 · 10 −15 ).
In approach MIR a dependence of the penetrability coefficient and half-live on the location of the starting point R start , from where α-particle begins to move outside, is observed. According to this property:
• We define the radial coordinate of the most probable formation of the α-particle inside nucleus before its α-decay as such starting point, at moving of the α-particle from which outside the half-live, calculated by approach MIR, is maximally closed to its experimental value.
• For a number of nuclei with the same charge number Z = 84 we have obtained essentially closer values for half-live, calculated by such approach, to their experimental values in a comparison with half-lives obtained in [13] by WKB approach. This result is stable for all studied nuclei.
• Inaccuracy of determination of half-lives for arbitrary studied nucleus on the basis of WKB method in a comparison with its experimental value can be explained (first of all) by reduction of the abovebarrier external part of the radial potential starting from the external turning point, while inclusion of such contribution (by the method MIR, up to 50-60 fm) improves essentially the agreement with the experimental half-live.
One can consider the pointed above dependence of half-live on the starting point by approach MIR as a new method of determination of the radial coordinate of the most probable formation of the α-particle before the α-decay of the nucleus on the basis of analysis of the experimental half-live for this nucleus. After construction of the algorithm of exact determination of the amplitudes of wave function relatively the multi-steps barrier (where these steps have arbitrary shapes), the method of multiple internal reflection transforms into a power tool for determination of stationary and (non-stationary) characteristics with high accuracy (and without application of WKB approximation) in variety of spherically symmetric problems of scattering and decay. Being the method with exact solutions, it allows to study deeper unusual and amazing properties of quantum systems and potentials, that points out availability of further improvements of the method, and such researches can have physical sense. So, it can be interesting by use of this method to study a reflectionless property, which is most evidentally shown in simplest soliton-like potentials [22] (see also [23, 24, 25] ) and shape invariant potentials [26, 27] , to clarify whether the effect of reflectionless tunneling is possible in real (hermitian) radial potentials [28, 29] . We suppose that this method should open a way for construction of new types of space asymmetric deformations of 1D reflectionless potentials [30] , will give new variants of angular deformations of 3D reflectionless potentials obtained in frameworks of group theory [31, 32] . A generalization of the method MIR into complex (non-hermitian) potentials should allow to study properties of barriers in scattering problems with these potentials studied by approaches of non-linear supersymmetry (for example, see [33, 34, 35, 36, 37] ) and N-fold supersymmetry [38, 39, 40, 41, 42] , by approaches of hidden supersymmetry [43, 44] . In application to such problems, the method MIR can be a good test of early obtained results on the basis of methods of SUSY QM, group theory and inverse problem approach.
